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We consider modified gravity which may describe the early-time inflation and/or
late-time cosmic acceleration of the universe. In particular, we discuss the properties of
F (R), F (G), string-inspired and scalar-Einstein-Gauss-Bonnet gravities, including their
FRW equations and fluid or scalar-tensor description. Simplest accelerating cosmologies
are investigated and possibility of unified description of the inflation with dark energy is
described. The cosmological reconstruction program which permits to get the requested
universe evolution from modified gravity is developed. As some extension, massive F (R)
bigravity which is ghost-free theory is presented. Its scalar-tensor form turns out to be
the easiest formulation. The cosmological reconstruction method for such bigravity is
presented. The unified description of inflation with dark energy in F (R) bigravity turns
out to be possible.
Keywords: dark energy; bigravity; modified gravity.
1. Introduction
Modified gravity became the essential part of theoretical cosmology. It is proposed
as generalization of General Relativity with the purpose to understand the qualita-
tive change of gravitational interaction in the very early and/or very late universe.
In particular, it is accepted nowadays that modified gravity may not only describe
the early-time inflation and late-time acceleration but also may propose the unified
consistent description of the universe evolution epochs sequence: inflation, radia-
tion/matter dominance and dark energy. Despite the number of efforts to show that
only General Relativity is consistent theory, the viable and realistic models of mod-
1
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ified gravity which pass local tests as well as cosmological bounds are constructed.
In this contribution, we review several most popular models of alternative grav-
ity and discuss their cosmological applications. In the next section we start from the
most popular F (R) gravity which contains higher derivative terms but is known
to be ghost-free theory. After short description of its elementary properties and
simplest (accelerating) cosmological solutions we introduce the corresponding fluid
and scalar-tensor description of F (R) gravity. The viability conditions of the model
are outlined. Several realistic theories which pass these viability conditions are de-
scribed. In particular, it is shown that fifth force is not generated in these models.
Third section is devoted to modified Gauss-Bonnet gravity. Its fluid description is
introduced and field equations are presented. For simplest, power-law model the
accelerating cosmological solutions are described. The possibility of the unification
of inflation with dark energy is briefly mentioned. The non-inducing of the correc-
tion to the Newton law is remarkable in such a theory. Finally, the relation with
scalar-Gauss-Bonnet gravity is explicitly outlined. The cosmological reconstruction
program is presented in all the detail. Section four is devoted to the investigation
of string-inspired gravities. Scalar-Einstein-Gauss-Bonnet gravity is considered as
one of such models. For specific choice of (exponential) scalar potential the late-
time cosmic acceleration is realized in terms of such Gauss-Bonnet dark energy. In
the section five we present the version of massive F (R) bigravity which does not
contain massive ghost. Its properties are described in two representations: with and
without scalars. The appearance of two metrics (physical and reference ones) in
such formulation is presented. The cosmological reconstruction program for such
theory is developed in detail. It is shown how one can get arbitrary accelerating
physical universe within above scheme. Finally, some summary and outlook is given
in Discussion.
2. F (R) gravity
In this section we give the elementary introduction to F (R) gravity properties and
cosmology following in part the reviews [1,2,3,4] where more complete discussion
maybe found.
2.1. General properties
In the action of F (R) gravity, the scalar curvature R in the Einstein-Hilbert action
is replaced by an appropriate function of the scalar curvature:
SF (R) =
∫
d4x
√−g
(
F (R)
2κ2
+ Lmatter
)
. (1)
Let us review the general properties of F (R) gravity. For F (R) theory, we may define
an effective EoS parameter using its fluid representation [2]. The FRW equations
in the Einstein gravity coupled with perfect fluid are given by
ρmatter =
3
κ2
H2 , pmatter = − 1
κ2
(
3H2 + 2H˙
)
, (2)
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which allow us to define an effective equation of state (EoS) parameter as follows:
weff = −1− 2H˙
3H2
. (3)
The field equation in the F (R) gravity with matter is given by
1
2
gµνF (R)−RµνF ′(R)− gµνF ′(R) +∇µ∇νF ′(R) = −κ
2
2
Tmatterµν . (4)
By assuming a spatially flat FRW universe,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (5)
the equations corresponding to the FRW equations are given as follows:
0 =− F (R)
2
+ 3
(
H2 + H˙
)
F ′(R)− 18
(
4H2H˙ +HH¨
)
F ′′(R) + κ2ρmatter , (6)
0 =
F (R)
2
−
(
H˙ + 3H2
)
F ′(R) + 6
(
8H2H˙ + 4H˙2 + 6HH¨ +
...
H
)
F ′′(R)
+ 36
(
4HH˙ + H¨
)2
F ′′′(R) + κ2pmatter . (7)
Here, the Hubble rate H is defined by H = a˙/a and the scalar curvature R is given
by R = 12H2 + 6H˙.
One can find several (often exact) solutions of (6). When we neglect the contri-
bution from matter, by assuming that the Ricci tensor is covariantly constant, that
is, Rµν ∝ gµν , Eq. (4) reduces to an algebraic equation:
0 = 2F (R)−RF ′(R) . (8)
If Eq. (8) has a solution, the (anti-)de Sitter, the Schwarzschild-(anti-)de Sitter
space, and/or the Kerr-(anti-)de Sitter space is an exact vacuum solution.
Now we assume that F (R) behaves as F (R) ∝ f0Rm. Then Eq. (6) gives
0 =f0
{
−1
2
(
6H˙ + 12H2
)m
+ 3m
(
H˙ +H2
)(
6H˙ + 12H2
)m−1
−3mH d
dt
{(
6H˙ + 12H2
)m−1}}
+ κ2ρ0a
−3(1+w) . (9)
Eq. (7) is irrelevant because it can be derived from (9). When the contribution from
the matter can be neglected (ρ0 = 0), the following solution exists:
H ∼ −
(m−1)(2m−1)
m−2
t
, (10)
which corresponds to the following EoS parameter (3):
weff = − 6m
2 − 7m− 1
3(m− 1)(2m− 1) . (11)
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On the other hand, when the matter with a constant EoS parameter w is included,
an exact solution of (9) is given by
a = a0t
h0 , h0 ≡ 2m
3(1 + w)
,
a0 ≡
[
−3f0h0
κ2ρ0
(−6h0 + 12h20)m−1 {(1− 2m) (1−m)− (2 −m)h0}
]− 13(1+w)
,
(12)
and we find the effective EoS parameter (3) as
weff = −1 + w + 1
m
. (13)
These solutions (10) and (12) show that modified gravity may describe early/late-
time universe acceleration. Furthermore, it is very natural to propose that a more
complicated modified gravity from the above class may give the unified description
for inflation with late-time acceleration.
2.1.1. Scalar-tensor description
One can rewrite F (R) gravity as the scalar-tensor theory. By introducing the aux-
iliary field A, the action (1) of the F (R) gravity is rewritten in the following form:
S =
1
2κ2
∫
d4x
√−g {F ′(A) (R−A) + F (A)} . (14)
By the variation of A, one obtains A = R. Substituting A = R into the action
(14), one can reproduce the action in (1). Furthermore, by rescaling the metric as
gµν → eσgµν (σ = − lnF ′(A)), we obtain the Einstein frame action:
SE =
1
2κ2
∫
d4x
√−g
(
R− 3
2
gρσ∂ρσ∂σσ − V (σ)
)
,
V (σ) =eσg
(
e−σ
)− e2σf (g (e−σ)) = A
F ′(A)
− F (A)
F ′(A)2
. (15)
Here g (e−σ) is given by solving the equation σ = − ln (1 + f ′(A)) = − lnF ′(A) as
A = g (e−σ). Due to the conformal transformation, a coupling of the scalar field
σ with usual matter arises. What are the properties of this scalar field? Since the
mass of σ is given by
m2σ ≡
3
2
d2V (σ)
dσ2
=
3
2
{
A
F ′(A)
− 4F (A)
(F ′(A))
2 +
1
F ′′(A)
}
, (16)
unless mσ is very large, the large correction to the Newton law appears. We can
naively expect the order of the mass mσ to be that of the Hubble rate, that is,
mσ ∼ H ∼ 10−33 eV, which is very light and could make the correction very large
(fifth force appearance).
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As an example, we may consider the following exponential model [5] (see also
[6]
F (R) = R+ α
(
e−bR − 1) . (17)
Here α and b are constants. One can regard α as an effective cosmological constant
and we choose the parameter b so that 1/b is much smaller than the curvature R0
of the present universe. Then in the region R≫ R0, we find
m2σ ∼
ebR
2αb2
, (18)
which is positive and m2σ could be very large and the correction to the Newton law
is very small.
In Ref. .[7], the one of the first examples of “realistic” F (R) model was proposed.
It has been found, however, that the model has an instability where the large
curvature can be easily produced (manifestation of a possible future singularity).
In the model of [7], a parameter m ∼ 10−33 eV with a mass dimension is included.
The parameter m plays a role of the effective cosmological constant. When the
curvature R is large enough compared with m2, R ≫ m2, F (R) in [7] behaves as
follows:
F (R) = R− c1m2 + c2m
2n+2
Rn
+O (R−2n) . (19)
Here c1, c2, and n are positive dimensionless constants. The potential V (σ) (15)
corresponding to (19) has the following asymptotic form:
V (σ) ∼ c1m
2
A2
. (20)
Then, the infinite curvature R = A → ∞ corresponds to a small value of the
potential and, therefore, the large curvature can be easily produced.
Let us assume that, when R is large, F (R) behaves as
F (R) ∼ F0Rǫ . (21)
Here, F0 and ǫ are positive constants. We also assume ǫ > 1 so that this term
dominates compared with general relativity when the curvature is large. Then, the
potential V (σ)(15) behaves as
V (σ) ∼ ǫ− 1
ǫ2F0Rǫ−2
. (22)
Therefore, if 1 < ǫ < 2, the potential V (σ) diverges when R → ∞ and, therefore,
the large curvature is not realized so easily. When ǫ = 2, V (σ) takes a finite value
1/F0 when R → ∞. As long as 1/F0 is large enough, the large curvature can be
prevented.
Note that the anti-gravity regime appears when F ′(R) is negative, which follows
from Eq. (14) [8]. Then, we need to require
F ′(R) > 0 . (23)
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We should also note that
dV (σ)
dA
=
F ′′(A)
F ′(A)3
(−AF ′(A) + 2F (A)) . (24)
Therefore, if
0 = −AF ′(A) + 2F (A) , (25)
the scalar field σ is on the local maximum or local minimum of the potential and,
therefore, σ can be a constant. Note that the condition (25) is nothing but the
condition (8) for the existence of the de Sitter solution. When the condition (25) is
satisfied, the mass (16) can be rewritten as
m2σ =
3
2F ′(A)
(
−A+ F
′(A)
F ′′(A)
)
. (26)
Then, when the condition (23) for the non-existence of the anti-gravity is satisfied,
the mass squared m2σ is positive and, therefore the, scalar field is on the local
minimum if
−A+ F
′(A)
F ′′(A)
> 0 . (27)
On the other hand, if
−A+ F
′(A)
F ′′(A)
< 0 , (28)
the scalar field is on the local maximum of the potential and the mass squared m2σ
is negative. As we will see later, the condition (27) is nothing but the condition for
stability of the de Sitter space.
Although we have rewritten the action (1) of F (R) gravity into a scalar-tensor
form (15), inversely, it is always possible to rewrite the action of the scalar-tensor
theory as the action of F (R) gravity [9].
Finally in this subsection, we should note that, for the transformed metric,
even if the Einstein frame universe is in a non-phantom phase, where the effective
EoS weff in (3) is larger than −1, the Jordan frame universe can be, in general,
in a phantom phase. This apparent discrepancy occurs due to the fact that the
conformal transformation changes the interval of cosmological time. We should
note, however, the time interval which a clock measures is not changed by the
conformal transformation.
2.1.2. Viable modified gravities
In order to obtain a realistic and viable model, F (R) gravity should satisfy the
following conditions:
(1) When R→ 0, the Einstein gravity is recovered, that is,
F (R)→ R that is, F (R)
R2
→ 1
R
. (29)
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This also means that there is a flat space solution.
(2) There appears a stable de Sitter solution, which corresponds to the late-time
acceleration and, therefore, the curvature is small R ∼ RL ∼
(
10−33 eV
)2
. This
requires, when R ∼ RL,
F (R)
R2
= f0L − f1L (R−RL)2n+2 + o
(
(R−RL)2n+2
)
. (30)
Here, f0L and f1L are positive constants and n is a positive integer. Of course,
in some cases this condition may not be strictly necessary.
(3) There appears a quasi-stable de Sitter solution that corresponds to the infla-
tion of the early universe and, therefore, the curvature is large R ∼ RI ∼(
1016∼19GeV
)2
. The de Sitter space should not be exactly stable so that the
curvature decreases very slowly. It requires
F (R)
R2
= f0I − f1I (R−RI)2m+1 + o
(
(R−RI)2m+1
)
. (31)
Here, f0I and f1I are positive constants and m is a positive integer.
(4) Following the discussion after (21), in order to avoid the curvature singularity
when R→∞, F (R) should behaves as
F (R)→ f∞R2 that is F (R)
R2
→ f∞ . (32)
Here, f∞ is a positive and sufficiently small constant. Instead of (32), we may
take
F (R)→ f∞˜R2−ǫ that is F (R)
R2
→ f∞˜
Rǫ
. (33)
Here, f∞˜ is a positive constant and 0 < ǫ < 1. The above condition (32) or
(33) prevents both the future singularity [10] and the singularity due to large
density of matter.
(5) As in (23), to avoid the anti-gravity, we require
F ′(R) > 0 , (34)
which is rewritten as
d
dR
(
ln
(
F (R)
R2
))
> − 2
R
. (35)
(6) Combining conditions (29) and (34), one finds
F (R) > 0 . (36)
(7) To avoid the matter instability [11], we require
U(Rb) ≡Rb
3
− F
(1)(Rb)F
(3)(Rb)Rb
3F (2)(Rb)2
− F
(1)(Rb)
3F (2)(Rb)
+
2F (Rb)F
(3)(Rb)
3F (2)(Rb)2
− F
(3)(Rb)Rb
3F (2)(Rb)2
< 0 . (37)
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The conditions 1 and 2 tell that an extra, unstable de Sitter solution must appear at
R = Re (0 < Re < RL). Since the universe evolution will stop at R = RL because
the de Sitter solution R = RL is stable; the curvature never becomes smaller than
RL and, therefore, the extra de Sitter solution is not realized.
An example of viable F (R) gravity is given in [12]
F (R)
R2
=
{
(Xm (RI ;R)−Xm (RI ;R1)) (Xm (RI ;R)−Xm (RI ;RL))2n+2
+Xm (RI ;R1)Xm (RI ;RL)
2n+2
+ f2n+3∞
} 1
2n+3
,
Xm (RI ;R) ≡ (2m+ 1)R
2m
I
(R−RI)2m+1 +R2m+1I
. (38)
Here, n and m are integers greater or equal to unity, and n,m ≥ 1 and R1 is a
parameter related with Re by
X (RI ;Re) =
(2n+ 2)X (RI ;R1)X (RI ;R1) +X (RI ;RL)
2n+ 3
. (39)
We also assume 0 < R1 < RL ≪ RI .
Another realistic theory unifying inflation with dark energy is given in [13]
F (R) = R − 2Λ
(
1− e− RR0
)
− Λi
(
1− e−
(
R
Ri
)n)
+ γRα . (40)
Here Λ is the effective cosmological constant in the present universe and we also
assume the parameter R0 is almost equal to Λ. Ri and Λi are typical values of the
curvature and the effective cosmological constant. α is a constant: 1 < α ≤ 2.
In the same way as above one can construct a number of viable F (R) gravity
models. These models may explain the early-time inflation in addition to the dark
energy epoch in a unified way.
3. f(G) gravity
3.0.3. General properties
We also proposed another class of modified gravity where the arbitrary function,
which depends on topological Gauss-Bonnet invariant:
G = R2 − 4RµνRµν +RµνξσRµνξσ , (41)
is added to the action of the Einstein gravity. One starts with the following action
[14,15,16]:
S =
∫
d4x
√−g
(
1
2κ2
R + f(G) + Lmatter
)
. (42)
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Here, Lmatter is the Lagrangian density of matter. The variation of the metric gµν
gives an equation corresponding to the Einstein equation:
0 =
1
2κ2
(
−Rµν + 1
2
gµνR
)
+ T µνmatter +
1
2
gµνf(G)− 2f ′(G)RRµν
+ 4f ′(G)RµρRνρ − 2f ′(G)RµρστRνρστ − 4f ′(G)RµρσνRρσ + 2 (∇µ∇νf ′(G))R
− 2gµν (∇2f ′(G))R− 4 (∇ρ∇µf ′(G))Rνρ − 4 (∇ρ∇νf ′(G))Rµρ
+ 4
(∇2f ′(G))Rµν + 4gµν (∇ρ∇σf ′(G))Rρσ − 4 (∇ρ∇σf ′(G))Rµρνσ . (43)
We should note that this equation does not contain the terms which contain deriva-
tives higher than of second order.
By choosing the spatially flat FRW universe metric (5), we obtain the equation
corresponding to the first FRW equation:
0 = − 3
κ2
H2 − f(G) + Gf ′(G)− 24G˙f ′′(G)H3 + ρmatter . (44)
In the FRW universe (5), G has the following form:
G = 24
(
H2H˙ +H4
)
. (45)
Then, from Eq. (44), as in the Einstein gravity case (2), we find the FRW-like
equations (fluid description):
ρGeff =
3
κ2
H2 , pGeff = −
1
κ2
(
3H2 + 2H˙
)
. (46)
Here,
ρGeff ≡− f(G) + Gf ′(G)− 24G˙f ′′(G)H3 + ρmatter ,
pGeff ≡f(G)− Gf ′(G) +
2GG˙
3H
f ′′(G) + 8H2G¨f ′′(G) + 8H2G˙2f ′′′(G) + pmatter . (47)
When ρmatter = 0, Eq. (44) has a de Sitter universe solution where H , and therefore
G, are constant. For H = H0, with a constant H0, Eq. (44) turns into
0 = − 3
κ2
H20 + 24H
4
0f
′
(
24H40
)− f (24H40) . (48)
As an example, we consider the model
f(G) = f0 |G|β , (49)
with constants f0 and β. Then, the solution of Eq. (48) is given by
H40 =
1
24 (8 (n− 1)κ2f0)
1
β−1
. (50)
For a large number of choices of the function f(G), Eq. (48) has a non-trivial
(H0 6= 0) real solution for H0 (de Sitter universe). The late-time cosmology for
above theory without matter has been first discussed for a number of examples in
Refs. [14,15,16].
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Now, we consider the case in which the contributions from the Einstein and
matter terms can be neglected. Eq. (44) reduces to
0 = Gf ′(G)− f(G)− 24G˙f ′′(G)H3 . (51)
If f(G) behaves as (49), assuming
a =
{
a0t
h0 when h0 > 0 (quintessence)
a0 (ts − t)h0 when h0 < 0 (phantom) , (52)
one obtains
0 = (β − 1)h60 (h0 − 1) (h0 − 1 + 4β) . (53)
As h0 = 1 implies G = 0, one may choose
h0 = 1− 4β , (54)
and Eq. (3) gives
weff = −1 + 2
3(1− 4β) . (55)
Therefore, if β > 0, the universe is accelerating (weff < −1/3), and if β > 1/4,
the universe is in a phantom phase (weff < −1). Thus, we are led to consider the
following model:
f(G) = fi |G|βi + fl |G|βl , (56)
where it is assumed that
βi >
1
2
,
1
2
> βl >
1
4
. (57)
Then, when the curvature is large, as in the primordial universe, the first term
dominates, compared with the second term and the Einstein term, and it gives
− 1 > weff = −1 + 2
3(1− 4βi) > −
5
3
. (58)
On the other hand, when the curvature is small, as is the case in the present
universe, the second term in (56) dominates compared with the first term and the
Einstein term and yields
weff = −1 + 2
3(1− 4βl) < −
5
3
. (59)
Therefore, theory (56) can produce a model that is able to describe inflation and
the late-time acceleration of the universe in a unified manner.
Instead of (57), one may also choose βl as
1
4
> βl > 0 , (60)
which gives
− 1
3
> weff > −1 . (61)
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Then, we obtain an effective quintessence epoch. Moreover, by properly adjusting
the couplings fi and fl in (56), one can obtain a period where the Einstein term
dominates and the universe is in a deceleration phase. After that, a transition
occurs from deceleration to acceleration when the Gauss-Bonnet term becomes
the dominant one. More choices of f(G) may be studied for the purpose of the
construction of the current accelerating universe. Nevertheless, many non-linear
choices for this function may be approximated by the above model. For instance,
one can mention some realistic examples of f(G) gravity:
f1(G) = a1G
n + b1
a2Gn + b2 , f2(G) =
a1Gn+N + b1
a2Gn + b2 . (62)
We now address the issue of the correction to the Newton law. Let g(0) be a
solution of (43) and represent the perturbation of the metric as gµν = g(0)µν + hµν .
First, we consider the perturbation around the de Sitter background. The de Sitter
space metric is taken as g(0)µν , which gives the following Riemann tensor:
R(0)µνρσ = H
2
0
(
g(0)µρg(0)νσ − g(0)µσg(0)νρ
)
. (63)
The flat background corresponds to the limit ofH0 → 0. For simplicity, the following
gauge condition is chosen: gµν(0)hµν = ∇µ(0)hµν = 0. Then Eq. (43) gives
0 =
1
4κ2
(∇2hµν − 2H20hµν)+ Tmatterµν . (64)
The Gauss-Bonnet term contribution does not appear except in the length param-
eter 1/H0 of the de Sitter space, which is determined by taking into account the
Gauss-Bonnet term. This may occur due to the special structure of the Gauss-
Bonnet invariant. Eq. (64) shows that there is no correction to the Newton law in
de Sitter space and even in the flat background corresponding to H0 → 0, regardless
of the form of f (at least, with the above gauge condition).
The action (42) can be rewritten by introducing the auxiliary scalar field φ as
[17,18],
S =
∫
d4x
√−g
[
R
2κ2
− V (φ) − ξ(φ)G
]
. (65)
By variation over φ, one obtains
0 = V ′(φ) + ξ′(φ)G , (66)
which could be solved with respect to φ as
φ = φ(G) . (67)
By substituting the expression (67) into the action (65), we obtain the action of
f(G) gravity, with
f(G) = −V (φ(G)) + ξ (φ(G)) G . (68)
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Assuming a spatially-flat FRW universe and the scalar field φ to depend only on t,
we obtain the field equations:
0 =− 3
κ2
H2 + V (φ) + 24H3
dξ(φ(t))
dt
, (69)
0 =
1
κ2
(
2H˙ + 3H2
)
− V (φ) − 8H2d
2ξ(φ(t))
dt2
− 16HH˙ dξ(φ(t))
dt
− 16H3dξ(φ(t))
dt
. (70)
Combining the above equations, we obtain
0 =
2
κ2
H˙ − 8H2d
2ξ(φ(t))
dt2
− 16HH˙ dξ(φ(t))
dt
+ 8H3
dξ(φ(t))
dt
=
2
κ2
H˙ − 8a d
dt
(
H2
a
dξ(φ(t))
dt
)
, (71)
which can be solved with respect to ξ(φ(t)) as
ξ(φ(t)) =
1
8
∫ t
dt1
a(t1)
H(t1)2
W (t1) , W (t) ≡ 2
κ2
∫ t dt1
a(t1)
H˙(t1) . (72)
Combining (69) and (72), the expression for V (φ(t)) follows:
V (φ(t)) =
3
κ2
H(t)2 − 3a(t)H(t)W (t) . (73)
As there is a freedom of redefinition of the scalar field φ, we may identify t with φ.
Hence, we consider the model where V (φ) and ξ(φ) can be expressed in terms of a
single function g as
V (φ) =
3
κ2
g′ (φ)
2 − 3g′ (φ) eg(φ)U(φ) ,
ξ(φ) =
1
8
∫ φ
dφ1
eg(φ1)
g′(φ1)2
U(φ1) ,
U(φ) ≡ 2
κ2
∫ φ
dφ1e
−g(φ1)g′′ (φ1) . (74)
By choosing V (φ) and ξ(φ) as (74), one can easily find the following solution for
Eqs.(69) and (70):
a = a0e
g(t) (H = g′(t)) . (75)
Therefore one can reconstruct F (G) gravity to generate arbitrary expansion history
of the universe.
Thus, we reviewed the modified Gauss-Bonnet gravity and demonstrated that
it may naturally lead to the unified cosmic history, including the inflation and dark
energy era.
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4. String-inspired model and scalar-Einstein-Gauss-Bonnet gravity
In string theories, the compactification from higher dimensions to four dimensions
induces many scalar fields, such as moduli or dilaton fields. These scalars couple
with curvature invariants. Neglecting the moduli fields associated with the radii of
the internal space, we may consider the following action of the low-energy effective
string theories [19,20]:
S =
∫
d4x
√−g
[
R
2
+ Lφ + Lc + . . .
]
, (76)
where φ is the dilaton field, which is related to the string coupling, Lφ is the
Lagrangian of φ, and Lc expresses the string curvature correction terms to the
Einstein-Hilbert action,
Lφ = −∂µφ∂µφ−V (φ) , Lc = c1α′e2
φ
φ0 L(1)c +c2α′2e4
φ
φ0 L(2)c +c3α′3e6
φ
φ0 L(3)c , (77)
where 1/α′ is the string tension, L(1)c , L(2)c , and L(3)c express the leading-order
(Gauss-Bonnet term G in (41)), the second-order, and the third-order curvature
corrections, respectively. The terms L(1)c , L(2)c and L(3)c in the Lagrangian have the
following form
L(1)c = Ω2 , L(2)c = 2Ω3 +RµναβRαβλρRλρµν , L(3)c = L31 − δHL32 −
δB
2
L33 . (78)
Here, δB and δH take the value of 0 or 1 and
Ω2 = G ,
Ω3 ∝ ǫµνρστηǫµ′ν′ρ′σ′τ ′η′R µ
′ν′
µν R
ρ′σ′
ρσ R
τ ′η′
τη ,
L31 = ζ(3)RµνρσRανρβ
(
RµγδβR
δσ
αγ − 2RµγδαR δσβγ
)
,
L32 = 1
8
(
RµναβR
µναβ
)2
+
1
4
R γδµν R
ρσ
γδ R
αβ
ρσ R
µν
αβ −
1
2
R αβµν R
ρσ
αβ R
µ
σγδR
νγδ
ρ −R αβµν R ρναβ R γδρσ R µσγδ ,
L33 =
(
RµναβR
µναβ
)2 − 10RµναβRµνασRσγδρRβγδρ −RµναβRµνρσRβσγδR αδγρ . (79)
The correction terms are different depending on the type of string theory; the
dependence is encoded in the curvature invariants and in the coefficients (c1, c2, c3)
and δH , δB, as follows,
• For the Type II superstring theory: (c1, c2, c3) = (0, 0, 1/8) and δH = δB = 0.
• For the heterotic superstring theory: (c1, c2, c3) = (1/8, 0, 1/8) and δH =
1, δB = 0.
• For the bosonic superstring theory: (c1, c2, c3) = (1/4, 1/48, 1/8) and δH =
0, δB = 1.
Motivated by the string considerations, we consider the scalar-Einstein-Gauss-
Bonnet gravitya based on [22,17]. It was first proposed in Ref. [22] to consider such
aFor pioneering work on the scalar-Einstein-Gauss-Bonnet gravity, see [21].
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a theory as a gravitational alternative for dark energy, so-called Gauss-Bonnet dark
energy.
The starting action is:
S =
∫
d4x
√−g
[
R
2κ2
− 1
2
∂µφ∂
µφ− V (φ) − ξ(φ)G
]
. (80)
Here, we do not restrict the forms of V (φ) and ξ(φ) which should be given by
the non-perturbative string theory (77). Note also that the action (80) is given by
adding the kinetic term for the scalar field φ to the action of the F (G) gravity in
the scalar-tensor form that appeared in the previous section.
By the variation of the action (80) with respect to the metric gµν , we obtain
the the following equations:
0 =
1
κ2
(
−Rµν + 1
2
gµνR
)
+
1
2
∂µφ∂νφ− 1
4
gµν∂ρφ∂
ρφ+
1
2
gµν (−V (φ) + ξ(φ)G)
− 2ξ(φ)RRµν − 4ξ(φ)RµρRνρ − 2ξ(φ)RµρστRνρστ + 4ξ(φ)RµρνσRρσ
+ 2 (∇µ∇νξ(φ))R− 2gµν (∇2ξ(φ))R − 4 (∇ρ∇µξ(φ))Rνρ − 4 (∇ρ∇νξ(φ))Rµρ
+ 4
(∇2ξ(φ))Rµν + 4gµν (∇ρ∇σξ(φ))Rρσ + 4 (∇ρ∇σξ(φ))Rµρνσ . (81)
In Eq. (81), the derivatives of curvature such as ∇R, do not appear. Therefore,
the derivatives higher than two do not appear, which can be contrasted with a
general αR2 + βRµνR
µν + γRµνρσR
µνρσ gravity, where fourth derivatives of gµν
appear. For the classical theory, if we specify the values of gµν and g˙µν on a spatial
surface as an initial condition, the time development is uniquely determined. This
situation is similar to the case in classical mechanics, in which one only needs to
specify the values of position and velocity of particle as initial conditions. In general
αR2+βRµνR
µν+γRµνρσR
µνρσ gravity, we need to specify the values of g¨µν and
...
g µν
in addition to gµν , g˙µν so that a unique time development will follow. In Einstein
gravity, only the specific value of gµν , g˙µν , should be given as an initial condition.
Thus, the scalar-Gauss-Bonnet gravity is a natural extension of the Einstein gravity.
In the FRW universe (5), Eq. (81) becomes the following:
0 =− 3
κ2
H2 +
1
2
φ˙2 + V (φ) + 24H3
dξ(φ(t))
dt
, (82)
0 =
1
κ2
(
2H˙ + 3H2
)
+
1
2
φ˙2 − V (φ) − 8H2d
2ξ(φ(t))
dt2
− 16HH˙ dξ(φ(t))
dt
− 16H3dξ(φ(t))
dt
. (83)
On the other hand, by the variation of the action (80) with respect to the scalar
field, the scalar equation of motion follows as
0 = φ¨+ 3Hφ˙+ V ′(φ) + ξ′(φ)G . (84)
In particular when we consider the following string-inspired model [22],
V = V0e
−
2φ
φ0 , ξ(φ) = ξ0e
2φ
φ0 , (85)
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the de Sitter space solution follows:
H2 = H20 ≡ −
e
−
2ϕ0
φ0
8ξ0κ2
, φ = ϕ0 . (86)
Here, ϕ0 is an arbitrary constant. If ϕ0 is chosen to be larger, the Hubble rate
H = H0 becomes smaller. Then, if ξ0 ∼ O(1), by choosing ϕ0/φ0 ∼ 140, the value
of the Hubble rate H = H0 is consistent with the observations. The model (85) also
has another solution:
H = h0
t
, φ = φ0 ln
t
t1
when h0 > 0 ,
H = − h0
ts−t
, φ = φ0 ln
ts−t
t1
when h0 < 0 . (87)
Here, h0 is obtained by solving the following algebraic equations:
0 = −3h
2
0
κ2
+
φ20
2
+V0t
2
1−
48ξ0h
3
0
t21
, 0 = (1− 3h0)φ20+2V0t21+
48ξ0h
3
0
t21
(h0 − 1) . (88)
Eqs. (88) can be rewritten as
V0t
2
1 =−
1
κ2 (1 + h0)
{
3h20 (1− h0) +
φ20κ
2 (1− 5h0)
2
}
, (89)
48ξ0h
2
0
t21
=− 6
κ2 (1 + h0)
(
h0 − φ
2
0κ
2
2
)
. (90)
The arbitrary value of h0 can be realized by properly choosing V0 and ξ0. With
the appropriate choice of V0 and ξ0, we can obtain a negative h0 and, therefore,
the effective EoS parameter (3) is less than −1, weff < −1, which corresponds to
the effective phantom. In usual (canonical) scalar-tensor theory without the Gauss-
Bonnet term, the phantom cannot be realized by the canonical scalar.
For example, if h0 = −80/3 < −1 and, therefore, w = −1.025, which is consis-
tent with the observed value, we find
V0t
2
1 =
1
κ2
(
531200
231
+
403
154
γφ20κ
2
)
> 0 ,
f0
t21
=− 1
κ2
(
9
49280
+
27
7884800
γφ20κ
2
)
. (91)
For other choices of scalar potentials one can realize other types of dark energy
universes, for instance, the effective quintessence. Moreover, one can propose the
potentials in such a way that the unification of the inflation with dark energy
naturally occurs. Of course, many more models of above Gauss-Bonnet dark energy
were considered. The corresponding discussion/references maybe found in [2].
5. F (R) bigravity
Recently non-linear massive gravity [23,24] (with non-dynamical background met-
ric) was extended to the ghost-free construction with the dynamical metric [25].
The most general proof of absence of ghost in massive gravity has been given in
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[26]. Especially in case of the minimal model, which we consider below in (102). It
was first discussed in [27]. The convenient description of the theory gives bigravity
or bimetric gravity which contains two metrics (symmetric tensor fields). One of
two metrics is called physical metric while second metric is called reference metric.
In Ref. [28,29] we have proposed F (R) bigravity which is also ghost-free theory.
We introduce four kinds of metrics, gµν , g
J
µν , fµν , and f
J
µν . The physical observable
metric gJµν is the metric in the Jordan frame. The metric gµν corresponds to the
metric in the Einstein frame in the standard F (R) gravity and therefore the metric
gµν is not physical metric. In the bigravity theories, we have to introduce another
reference metrics or symmetric tensor fµν and f
J
µν . The metric fµν is the metric
corresponding to the Einstein frame with respect to the curvature given by the
metric fµν . On the other hand, the metric f
J
µν is the metric corresponding to the
Jordan frame.
5.1. Construction of F (R) bigravity
In this section, we review the construction of ghost-free F (R) bigravity, following
Ref. [28]. The consistent model of bimetric gravity, which includes two metric ten-
sors gµν and fµν , was proposed in Ref. [25]. It contains the massless spin-two field,
corresponding to graviton, and massive spin-two field. The gravity model which
only contains the massive spin-two field is called massive gravity. We consider the
model including both of massless and massive spin two field,i.e. bigravity. It has
been shown that the Boulware-Deser ghost [30] does not appear in such a theory.
The starting action is given by
Sbi =M
2
g
∫
d4x
√
− det g R(g) +M2f
∫
d4x
√
− det f R(f)
+ 2m2M2eff
∫
d4x
√
− det g
4∑
n=0
βn en
(√
g−1f
)
. (92)
Here R(g) is the scalar curvature for gµν and R
(f) is the scalar curvature for fµν .
Meff is defined by
1
M2eff
=
1
M2g
+
1
M2f
. (93)
Furthermore, tensor
√
g−1f is defined by the square root of gµρfρν , that is,(√
g−1f
)µ
ρ
(√
g−1f
)ρ
ν
= gµρfρν . For general tensor X
µ
ν , en(X)’s are defined
by
e0(X) = 1 , e1(X) = [X ] , e2(X) =
1
2 ([X ]
2 − [X2]) ,
e3(X) =
1
6 ([X ]
3 − 3[X ][X2] + 2[X3]) ,
e4(X) =
1
24 ([X ]
4 − 6[X ]2[X2] + 3[X2]2 + 8[X ][X3]− 6[X4]) ,
ek(X) = 0 for k > 4 . (94)
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Here [X ] expresses the trace of arbitrary tensor Xµν : [X ] = X
µ
µ.
In order to construct the consistent F (R) bigravity, we add the following terms
to the action (92):
Sϕ =−M2g
∫
d4x
√
− det g
{
3
2
gµν∂µϕ∂νϕ+ V (ϕ)
}
+
∫
d4xLmatter (eϕgµν ,Φi) , (95)
Sξ =−M2f
∫
d4x
√
− det f
{
3
2
fµν∂µξ∂νξ + U(ξ)
}
. (96)
By the conformal transformations gµν → e−ϕgJµν and fµν → e−ξfJµν , the total
action SF = Sbi + Sϕ + Sξ is transformed as
SF =M
2
f
∫
d4x
√
− det fJ
{
e−ξRJ(f) − e−2ξU(ξ)
}
+ 2m2M2eff
∫
d4x
√
− det gJ
4∑
n=0
βne
(n2−2)ϕ−
n
2 ξen
(√
gJ
−1
fJ
)
+M2g
∫
d4x
√
− det gJ
{
e−ϕRJ(g) − e−2ϕV (ϕ)
}
+
∫
d4xLmatter
(
gJµν ,Φi
)
. (97)
The kinetic terms for ϕ and ξ vanish. By the variations with respect to ϕ and ξ as
in the case of convenient F (R) gravity [8], we obtain
0 =2m2M2eff
4∑
n=0
βn
(n
2
− 2
)
e(
n
2−2)ϕ−
n
2 ξen
(√
gJ
−1
fJ
)
+M2g
{
−e−ϕRJ(g) + 2e−2ϕV (ϕ) + e−2ϕV ′(ϕ)
}
, (98)
0 =− 2m2M2eff
4∑
n=0
βnn
2
e(
n
2−2)ϕ−
n
2 ξen
(√
gJ
−1
fJ
)
+M2f
{
−e−ξRJ(f) + 2e−2ξU(ξ) + e−2ξU ′(ξ)
}
. (99)
The Eqs. (98) and (99) can be solved algebraically with respect to ϕ and ξ as
ϕ = ϕ
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
and ξ = ξ
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
.
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Substituting above ϕ and ξ into (97), one gets F (R) bigravity:
SF =M
2
f
∫
d4x
√
− det fJF (f)
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
+ 2m2M2eff
∫
d4x
√
− det g
4∑
n=0
βne
(n2−2)ϕ
(
RJ(g),en
(√
gJ−1fJ
))
en
(√
gJ
−1
fJ
)
+M2g
∫
d4x
√
− det gJF J(g)
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
+
∫
d4xLmatter
(
gJµν ,Φi
)
, (100)
F J(g)
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
≡
{
e
−ϕ
(
RJ(g),RJ(f),en
(√
gJ−1fJ
))
RJ(g)
−e−2ϕ
(
RJ(g),RJ(f),en
(√
gJ−1fJ
))
V
(
ϕ
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
)))}
,
F (f)
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
))
≡
{
e
−ξ
(
RJ(g),RJ(f),en
(√
gJ−1fJ
))
RJ(f)
−e−2ξ
(
RJ(g),RJ(f),en
(√
gJ−1fJ
))
U
(
ξ
(
RJ(g), RJ(f), en
(√
gJ
−1
fJ
)))}
. (101)
Note that it is difficult to solve Eqs. (98) and (99) with respect to ϕ and ξ explicitly.
Therefore, it might be easier to define the model in terms of the auxiliary scalars
ϕ and ξ as in (97).
5.2. Cosmological Reconstruction and Cosmic Acceleration
Let us consider the cosmological reconstruction program following Ref. [28] but in
slightly extended form as in [29].
For simplicity, we start from the minimal case
Sbi =M
2
g
∫
d4x
√
− det g R(g) +M2f
∫
d4x
√
− det f R(f)
+ 2m2M2eff
∫
d4x
√
− det g
(
3− tr
√
g−1f + det
√
g−1f
)
. (102)
In order to evaluate δ
√
g−1f , two matrices M and N , which satisfy the relation
M2 = N are taken. Since δMM +MδM = δN , one finds
tr δM =
1
2
tr
(
M−1δN
)
. (103)
For a while, we consider the Einstein frame action (102) with (95) and (96) but
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matter contribution is neglected. Then by the variation over gµν , we obtain
0 =M2g
(
1
2
gµνR
(g) −R(g)µν
)
+m2M2eff
{
gµν
(
3− tr
√
g−1f
)
+
1
2
fµρ
(√
g−1f
)−1 ρ
ν
+
1
2
fνρ
(√
g−1f
)−1 ρ
µ
}
+M2g
[
1
2
(
3
2
gρσ∂ρϕ∂σϕ+ V (ϕ)
)
gµν − 3
2
∂µϕ∂νϕ
]
. (104)
On the other hand, by the variation over fµν , we get
0 =M2f
(
1
2
fµνR
(f) −R(f)µν
)
+m2M2eff
√
det (f−1g)
{
−1
2
fµρ
(√
g−1f
)ρ
ν
−1
2
fνρ
(√
g−1f
)ρ
µ
+ det
(√
g−1f
)
fµν
}
+M2f
[
1
2
(
3
2
fρσ∂ρξ∂σξ + U(ξ)
)
fµν − 3
2
∂µξ∂νξ
]
. (105)
We should note that det
√
g det
√
g−1f 6= √det f in general. The variations of the
scalar fields ϕ and ξ are given by
0 = −3gϕ+ V ′(ϕ) , 0 = −3fξ + U ′(ξ) . (106)
Here g (f ) is the d’Alembertian with respect to the metric g (f). By multiplying
the covariant derivative ∇µg with respect to the metric g with Eq. (104) and using
the Bianchi identity 0 = ∇µg
(
1
2gµνR
(g) −R(g)µν
)
and Eq. (106), we obtain
0 =− gµν∇µg
(
tr
√
g−1f
)
+
1
2
∇µg
{
fµρ
(√
g−1f
)−1 ρ
ν
+fνρ
(√
g−1f
)−1 ρ
µ
}
. (107)
Similarly by using the covariant derivative ∇µf with respect to the metric f , from
(105), we obtain
0 =∇µf
[√
det (f−1g)
{
−1
2
(√
g−1f
)−1ν
σ
gσµ − 1
2
(√
g−1f
)−1µ
σ
gσν
+det
(√
g−1f
)
fµν
}]
. (108)
In case of the Einstein gravity, the conservation law of the energy-momentum tensor
depends from the Einstein equation. It can be derived from the Bianchi identity. In
case of bigravity, however, the conservation laws of the energy-momentum tensor
of the scalar fields are derived from the scalar field equations. These conservation
laws are independent of the Einstein equation. The Bianchi identities give equations
(107) and (108) independent of the Einstein equation.
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We now assume the FRW universes for the metrics gµν and fµν and use the
conformal time t for the universe with metric gµν
b:
ds2g =
3∑
µ,ν=0
gµνdx
µdxν = a(t)2
(
−dt2 +
3∑
i=1
(
dxi
)2)
,
ds2f =
3∑
µ,ν=0
fµνdx
µdxν = −c(t)2dt2 + b(t)2
3∑
i=1
(
dxi
)2
. (109)
Then (t, t) component of (104) gives
0 = −3M2gH2 − 3m2M2eff
(
a2 − ab)+ (3
4
ϕ˙2 +
1
2
V (ϕ)a(t)2
)
M2g , (110)
and (i, j) components give
0 =M2g
(
2H˙ +H2
)
+m2M2eff
(
3a2 − 2ab− ac)
+
(
3
4
ϕ˙2 − 1
2
V (ϕ)a(t)2
)
M2g . (111)
Here H = a˙/a. On the other hand, (t, t) component of (105) gives
0 = −3M2fK2 +m2M2effc2
(
1− a
3
b3
)
+
(
3
4
ξ˙2 − 1
2
U(ξ)c(t)2
)
M2f , (112)
and (i, j) components give
0 =M2f
(
2K˙ + 3K2 − 2LK
)
+m2M2eff
(
a3c
b2
− c2
)
+
(
3
4
ξ˙2 − 1
2
U(ξ)c(t)2
)
M2f . (113)
Here K = b˙/b and L = c˙/c. Both of Eq. (107) and Eq. (108) give the identical
equation:
cH = bK or
ca˙
a
= b˙ . (114)
If a˙ 6= 0, we obtain c = ab˙/a˙. On the other hand, if a˙ = 0, we find b˙ = 0, that is, a
and b are constant and c can be arbitrary.
b In Ref. [28], we have used the cosmological time instead of the conformal time. The use of the
conformal time simplifies the formulation.
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We now redefine scalars as ϕ = ϕ(η) and ξ = ξ(ζ) and identify η and ζ with the
conformal time t, η = ζ = t. Hence, one gets
ω(t)M2g =− 4M2g
(
H˙ −H2
)
− 2m2M2eff(ab− ac) , (115)
V˜ (t)a(t)2M2g =M
2
g
(
2H˙ + 4H2
)
+m2M2eff(6a
2 − 5ab− ac) , (116)
σ(t)M2f =− 4M2f
(
K˙ − LK
)
− 2m2M2eff
(
−c
b
+ 1
) a3c
b2
, (117)
U˜(t)c(t)2M2f =M
2
f
(
2K˙ + 6K2 − 2LK
)
+m2M2eff
(
a3c
b2
− 2c2 + a
3c2
b3
)
. (118)
Here
ω(η) = 3ϕ′(η)2 , V˜ (η) = V (ϕ (η)) , σ(ζ) = 3ξ′(ζ)2 , U˜(ζ) = U (ξ (ζ)) .
(119)
Therefore for arbitrary a(t), b(t), and c(t) if we choose ω(t), V˜ (t), σ(t), and U˜(t)
to satisfy Eqs. (115-118), the cosmological model with given a(t), b(t) and c(t)
evolution can be reconstructed. Following this technique we presented number of
inflationary and/or dark energy models as well as unified inflation-dark energy
cosmologies in above papers. The method is general and may be applied to more
exotic and more complicated cosmological solutions.
6. Discussion
In summary, we revisited the issue of accelerating early-time and/or late-time uni-
verse in frames of modified gravity. Specifically, the following theories were dis-
cussed: convenient F (R) and F (G) gravities and string-inspired scalar-Einstein-
Gauss-Bonnet theory. Scalar-tensor and fluid representations of such theories are
derived. Working with the FRW-like equations we demonstrated how the simplest
accelerating cosmology emerges from modified gravity. The reconstruction program
which gives the possibility to derive the requested universe evolution within specific
modified gravity is developed. The realization of dark energy universe is discussed
in detail for several models. It is remarkable that large number of modified gravity
models are viable and may pass the observational bounds (for recent discussion, see
[31,32]).
As some extension, we formulated the massive F (R) bigravity which is free of
massive ghost. Its scalar-tensor presentation turns out to be the most convenient
description of the theory. The presence of not only physical metric but also refer-
ence metric is the qualitative feature of such bigravity. The reconstruction program
within massive F (R) bigravity is also developed. It gives the possibility to realize
the accelerating cosmology in terms of massive bigravity.
Number of important questions should be still addressed. First of all, more
precise observational bounds may indicate towards to the most realistic modified
gravities. In this respect, the perturbations theory which is not yet satisfactory
understood in modified gravity requests a lot of attention. From the other side, it is
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possible that most interesting modified gravity is not yet explored. Thus, the hunt
for viable modified gravity should continue.
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